
W A V E  M O T I O N S  IN A V I S C O U S  F L U I D  

IN  T H E  P R E S E N C E  O F  S U R F A C T A N T S  

0 .  V.  V o i n o v  

L A Y E R  

Waves in viscous fluid layers  covered by a l ayer  of surfactants  of a rb i t ra ry  elast ici ty and bounded by 
a solid surface or just a gas are examined on the basis  of the exact solution of the l inearized N a v i e r -  
Stokes equations. In the par t icular  case of thin films, van der  Waals forces  are taken into account in addi- 
tion to the capi l lary and gravitational forces .  The influence of the layer  thickness on the amplitude of the 
maximum damping decrement  of the wave is determined.  For  thin films in a gas there  exists a cr i t ical  
value of the surface elast ici ty for which the rate  of perturbat ion growth is slowed down when it is exceeded. 
Fa r  f rom the neighborhood of the cr i t ical  value, the rate of growth of the perturbations depends weakly on 
the elast ici ty of the surface layer .  The questions under considerat ion are important  in investigations of the 
stability of liquid foams.  

The hydrodynamic approach to the phenomenon of capi l lary-gravi ta t ional  wave quenching in a fluid by 
surfactants  has been developed by Levich [1]. Solutions have been given of the problems of wave damping 
on the surface of an infinitely deep fluid in the presence  of surfactants  of a rb i t r a ry  concentrat ion.  The 
problem of wave damping in a fluid of finite depth has been solved in the par t icular  case of an incompres -  
sible surfactant  layer  for high Reynolds number in [2]. Recently, a large number  of experimental  papers 
on the quenching of capi l lary waves has appeared (see [3], as well as the br ief  survey in [4]). It has been 
disclosed that, for definite values of the elast ici ty of the surfactant  layer ,  the wave damping exceeds the 
damping corresponding to infinite elast ici ty.  

1. Fluid of Finite Depth. Fundamental Equations: A plane-paral le l  layer  of viscous incompressible  
fluid with surface tension ~ bounds a gas,  at least  on one side, and its free surface is covered by a sur fac t -  
ant layer .  The Nav ie r -S tokes  equations for  low-amplitude waves are written in the l inearized form 

0v (1.1) p -~- = -- grad p ~- F ~- ~Av, div v ---- 0 

If the fluid layer  bounds a solid surface,  then the gravity force F z = pg is taken into account. (The z 
axis is directed toward the solid boundary, and g is the accelerat ion of gravity.) In the par t icu lar  case of 
long waves in thin fi lms, it is interest ing to take account of the van der Weals forces  of at tract ion acting in 
the fluid besides the capi l lary and gravitational waves.  It is convenient to take account of these forces  by 
including the volume force F x in the component (the x axis is along the film); then the p ressu re  p in the ap- 
prop?late quantity will differ f rom the total p res su re .  However, the form of the equations (1.1) does not 
change. On the basis of known resul ts  (see [5-7], for example), it is possible to write for small  per turba-  
tions of the layer  thickness h 

F~ = QOh/Ox, Q = A]2~h 4 (1.2) 

The constant A in (1.2) equals the Hammacher  constant (A > 0) for a film in a gas.  In specific cases ,  
A < 0 can hold for a layer on a solid surface.  

The influence of surfactants  is taken into account according to [1]. In the c/ase of plane waves on a 
free surface,  the tangential s t r e s s  is 
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f Ov~ Ov z h Oz 
= - - - ~ .  z=O (1.3) 

The  equa t ion  of s u r f a c t a n t  c o n s e r v a t i o n  shou ld  be added  to (1.3), as  should  the  e x p r e s s i o n  for  the  

e l a s t i c i t y  of the  s u r f a c e  l a y e r  c .  N e g l e c t i n g  s u r f a c e  d i f fus ion ,  

OF Ov x d~ 
0--5- + F ~ = 0, F -3Y- = ~ (~ < O) (1.4) 

can  be w r i t t e n  [1] fo r  the  s u r f a c e  c o n c e n t r a t i o n  F of i n s o l u b l e  s u r f a c t a n t s .  

F o r  s m a l l  d i s p l a c e m e n t s  ~ of the  f lu id  p a r t i c l e s  a long the  z ax i s ,  the  p r e s s u r e  P0 in  the  gas  and the 
p r e s s u r e  p n e a r  the  f r e e  s u r f a c e  d i f f e r  by  

ov -~ _ o~ for 0 (1.5) P - -  P o =  2~t'-~-z - -  o" ~ z =  

The k i n e m a t i c  cond i t i ons  on the  f r e e  s u r f a c e  and on the  s o l i d  b o u n d a r y  a r e  

v , = O ~ / O t  for z=O,  v ~ = v ~ = O  f o r : z = h  (1.6) 

F o r  the  c a s e  of a f lu id  of  f in i te  dep th ,  the  g e n e r a l  wave  s o l u t i o n  of  (I .1) can  be  w r i t t e n  as  fo l lows:  

v x = i (k (A 1 ch kz -~ As  sh kz) -~ l'  (B1 ch l ' z  + B2 sh l 'z)) d ~x+~'t 

v z = k (A 1 sh kz + As ch kz -]- B 1 sh l ' z  -+ B~ ch l 'z) e ~:~§ (1.7) 

P = Po + pgz - -  Q~ (0) - pa" (A1 ch kz + Ae sh kz) e i~§ 
(l'~ = a' ] v + k s) 

The  p r e s s u r e  p h a s  h e r e  b e e n  found by  t ak ing  account  of (1.2), w h e r e  ~ (0) = h 0 - h (h 0 i s  the  t h i c k n e s s  
of  the  u n p e r t u r b e d  l a y e r ) .  The c o e f f i c i e n t s  in (1.7) can  be  found f r o m  (1 .3)- (1 .6) .  I t  i s  n a t u r a l  to s e e k  the  
d i s p l a c e m e n t  in  the  s u r f a c e  ~ (0) and the  s u r f a c e  c o n c e n t r a t i o n  F as  

(0) = ~le i~+~''t , r = F0 -~ r l  d~*+:'t (1.8) 

To s i m p l i f y  the  c o m p u t a t i o n s ,  i t  i s  conven ien t  to  i n t r o d u c e  the  no ta t ion  

=~,/vks, ~=(~-e(pg_Q)§ 8=--8/pvek, l = ] / ~ - + l  
a = kh  (1.9) 

H e r e ,  the  b r a n c h  of  the  func t ion  4 - / i n  the  c o m p l e x  p lane  has  been  c h o s e n  by  u s i n g  a s l i t  f r o m  0 to 
-r162 along the r e a l  a x i s .  A f t e r  the  e l i m i n a t i o n  of  F l  the  fo l lowing  s y s t e m  of equa t ions  can  be ob ta ined  f r o m  
(1.3)-(1 .9) :  

(2 + a) A 1 + 2 lB  1 = (A s ~- Bs) f l / a  

2A s + (2 -~- a) B s = :(A 1 + lB~) 6/a  (1.10) 

A l c h a  + A  e s h a  + lB l ch la + lB 2 sh la = 0 
A l s h a  + A  s c h a  + B  l s h l a  + B  e c h l a  = 0 

A c o m p l e x  con juga te  c o r r e s p o n d s  to e v e r y  so lu t i on  of the s y s t e m  (1.I0) ,  which  i s  an e x p r e s s i o n  of  
the  i n v a r i a n c e  of the  p r o b l e m  r e l a t i v e  to  a change  in  d i r e c t i o n  a long the x a x i s .  An equa t ion  fo r  ~ fo l lows  
f r o m  the cond i t i on  of c o m p a t i b i l i t y  of  (1.10). The  i m a g i n a r y  p a r t  of a d e t e r m i n e s  the  f r e q u e n c y  of o s c i l l a -  
t ion ,  and the r e a l  p a r t  t he  d a m p i n g  d e c r e m e n t .  The  va lue  of  ~ can  be found a n a l y t i c a l l y  in  the  l i m i t  c a s e s  
[ a l a  2 <<1 and [ a [ a  2 >>1 as  we l l  as  wi th in  the  l i m i t  of h igh  v ([a[ <<1) o r  low ([a[ >>1). 

2. W a v e s  fo r  [a [a z << 1. Low V i s c o s i t y .  The  unknowns B 1 and B 2 in  the  s y s t e m  (1.10) can  be r e -  
p l a c e d  as  fo l lows in the  e a s e  [l  [a >>1: 

B1 = B ,  B e  = ] e - l a  - -  B (2.1) 

N e g l e c t i n g  the e x p o n e n t i a l l y  s m a l l  t e r m s  exp ( -Re  l a )  in  (1.10) a f t e r  hav ing  e l i m i n a t e d  f y i e l d s  the  
fo l lowing equa t i ons :  

(2 + a) A 1 A- 2 lB  = (A 2 - B) flf lz,  2A s - (2 + a) B = (At  -~ lB) 6/a  

A1( t  - - l t h a )  ~ -A 2 ( t h a - -  l) = 0 (2.2) 

415 



The c o m p a t i b i l i t y  cond i t ion  of the  s y s t e m  (2.2) a l lows  us  to ob ta in :  

a 2 ((2-~ a)s - -  $ ~  § 4 / @  A - 5  ( la  ~ - -  1(~2 - -  ~ )  = 0 
q~ =- (t - -  l tha) (l - -  tha) -1 (2.3) 

The  s o l u t i o n  of (2.3) fo r  ~2 >> 1, ~ a s >> 1 can  be  found by  i t e r a t i o n .  Two a p p r o x i m a t i o n s  a r e  su f f i c i en t  
f o r  a qua l i t a t i ve  i n v e s t i g a t i o n .  T a k i n g  the i n i t i a l  po in t  c~ = c~l c o r r e s p o n d i n g  to  the  va lue  in an  i d e a l  f luid,  
j u s t  as  in  [1], the  fo l lowing a s y m p t o t i c  f o r m u l a s  can  be  ob t a ined  f r o m  (2.3): 

= a l  -b a~, a 1 = i ~ / ~  th  a 

a2 = - -  2 A- ( i  A- ( l  + ch ~ a)  5r -'/~) ~2 / 2 ch z a (a2/'  -b 8) (2.4) 

H e r e  and h e n c e f o r t h ,  only  one r o o t  of  the  con juga te  p a i r s  wi l l  be  w r i t t e n  down.  As  i s  s e e n  f r o m  (1.7) 
and (2.2), the  s o l u t i o n  (2.4) c o r r e s p o n d s  to a wave  in  which  the v i s c o s i t y  i s  m a n i f e s t  on ly  in  a th in  l a y e r  
n e a r  the  s u r f a c e  [8], whi le  the  m o t i o n  in  the  vo lume  i s  s i m i l a r  to i d e a l  f lu id  m o t i o n .  A so lu t ion  of (2.3) 
e x i s t s ,  in  add i t ion  to (2.4), which  is  fo r  6 >> 1, 5 a  3 >> 1 

or '/~, ~,=~/s(~lS--712)( i - -~thalS]/ '~) ~ 
A c c o r d i n g  to  (1.7) and (2.2), wave  m o t i o n  in a th in  l a y e r  of t h i c k n e s s  ~ [ l ' [ -1 n e a r  the  f r e e  s u r f a c e  

c o r r e s p o n d s  to  th i s  l a t t e r  so lu t ion ,  w h e r e  [Vx[ >> [Vz[. Th i s  " n e a r - s u r f a c e "  wave  a p p e a r s  only b e c a u s e  of  
the  p r e s e n c e  of s u r f a c t a n t s ;  i t s  d a m p i n g  i s  h igh  and i n d e p e n d e n t  of  the  l a y e r  t h i c k n e s s  in a f i r s t  a p p r o x i m a -  
t i on .  F o r m u l a s  f o r  the  f r e q u e n c y  sh i f t  ~ and d a m p i n g  ~ of the  " v o l u m e "  wave  fo l low f r o m  (2.4) 

= Im a s = - -  ~ [ch -2 a - - ' 2y  (1 + y~)-1]/25m 
= Re a~ = - -  2 - -  ~ [ch -~ a + 2 (1 + y2)-l]/2~rn (2.5) 

Y = ~m/~ - -  l ,  8m --= ]/2" (Q th a) '/' 

The p a s s a g e  to  the  l i m i t  as  a ~ co in the  l a s t  f o r m u l a s  y i e l d s  a p p r o p r i a t e  f o r m u l a s  of  the t h e o r y  of  
c a p i l l a r y - g r a v i t a t i o n a l  wave  d a m p i n g  in a f lu id  of in f in i te  depth  [1] (to the  a c c u r a c y  of the  no ta t ion) .  If  we 
p a s s t o  the  l i m i t  a s  6 - -  oo (an i n c o m p r e s s i b l e  s u r f a c t a n t  l a y e r ) ,  and n e g l e c t  the  f i r s t  m e m b e r s  in  the  
f o r m u l a  fo r  ~ {2.5), the  f o r m u l a s  then  y i e l d  the  r e s u l t  in [2], wh ich  has  b e e n  o b t a i n e d  by  a n o t h e r  m e t h o d .  A 
n e g a t i v e  f r e q u e n c y  sh i f t  ha s  b e e n  no ted  in [2]. A c c o r d i n g  to (2.5), the  f r e q u e n c y  sh i f t  i s  a nonmonoton ic  
func t ion  of the  e l a s t i c i t y  6, nega t ive  for  6 = 0 and 6 ~r p o s i t i v e  fo r  

tim (1 -k ch ~ a ~-  ] / c h '  a - -  l )  -1 < ~ < 8,n ( t  ~- oh 2 a - -  ~ c - ~  a - -  i ) - 1  

As the l a y e r  t h i c k n e s s  d i m i n i s h e s  (a ~ 0) the  d o m a i n  of the  p o s i t i v e  f r e q u e n c y  sh i f t  d e g e n e r a t e s  into 
the  point  6 k = (~2 t h a ) 3 / 4 / ~ - ~ .  F o r  any a the  da mp ing  ~ r e a c h e s  the  va lue  of  the  d a m p i n g  fo r  an i n c o m p r e s -  
s i b l e  l a y e r  ~ fo r  6 = di k .  F o r  6 > 6 k the wave da mp ing  is  g r e a t e r  than  in  the  c a s e  of an i n c o m p r e s s i b l e  
l a y e r .  The  m a x i m u m  va lue  of the  d a m p i n g  e q u a l s  

~m = ~ ( 1  + 2 c h  ~ a ) ( t  + c h  2a) -1 for 5 = 6,n (2.6) 

I t  i s  s e e n  f r o m  the e x p r e s s i o n  fo r  6 k and (2.6) tha t  for  long w a v e s  (a << 1) about  a -3/4 l e s s  e l a s t i c i t y  
of the  s u r f a c t a n t  l a y e r  i s  r e q u i r e d  than  in the c a s e  of a f lu id  of in f in i t e  dep th  in  o r d e r  to  ach ieve  the  quench-  
ing e f fec t  of the  i n c o m p r e s s i b l e  su)~fa6tant l a y e r ,  i . e . ,  f r e e - s u r f a c e  s t a b i l i z a t i o n  i s  a c h i e v e d  m o r e  e a s i l y  in 
the  l a y e r  than  in the  dep th  of t he j f l u id .  

The  d e p e n d e n c e  of the  f r e q u e n c y  sh i f t  f = ~ and d a m p i n g  f = ~ on the  d i m e n s i o n l e s s  e l a s t i c i t y  c o e f -  
f i c i en t  

6 ~  - 8 
]/2 (~ th a)'l" 

i s  p r e s e n t e d  in F i g u r e  1 .  C u r v e s  1 and 3 d e s c r i b e  t he  l i m i t  c a s e s  a ~ ~ ,  a ~ 0, and c u r v e  2 i s  fo r  a = 1. 
A s  the  l a y e r  t h i c k n e s s  d i m i n i s h e s ,  the  a m p l i t u d e  of the  d a m p i n g  m a x i m u m  r e f e r r e d  to the  da mp ing  fo r  an 
i n c o m p r e s s i b l e  l a y e r  ~ o  i s  r e d u c e d  f r o m  2 to  1.5, and the d o m a i n  of e l a s t i c i t y  v a l u e s  in which  the  f r e -  
quency sh i f t  i s  p o s i t i v e  v a n i s h e s  in the  l i m i t  a ~ 0 (a >> ] l i - i ) .  I t  i s  i n t e r e s t i n g  to c l a r i f y  the n a t u r e  of the  
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~ / Z . / I  Z 8 ~ 3 

Fig. 1 

wave mot ion  at the m a x i m u m  point.  F r o m  (1.7), (2.1), (2.2), and (2.4) it is 
poss ib le  to obtain in the l imi t  ] l la >> 1, ] l ] >>1 for  the ra t io  be tween  the 
ve loc i t i e s  at the su r f ace  

v z / v x = t ha  (i + (t - -  i) 8 / ] / 2  (~ tha) 'h)  (2.7)  

It  is  seen  that  the fluid pa r t i c l e  t r a j e c t o r i e s  on the su r f ace  a re  e l -  
l i p se s .  A r i s e  in e l a s t i c i ty  6 r e s u l t s  in ro t a t ion  of the p r inc ipa l  axes  of 
the e l l ipse  and a change in the eccen t r i c i t y .  As is seen  f r o m  (2.7), the e l -  
l ipse  de gene ra t e s  into a s egmen t  at the point  of the m a x i m u m  (2.6). D u r -  
ing wave p ropaga t ion  the fluid pa r t i c l e s  n e a r  the f ree  su r f ace  p e r f o r m  
osc i l l a t ions  along t ines  at an angle t an - l ( t anha)  to the l a y e r  s u r f a c e .  The 
p a r t i c l e  t r a j e c t o r i e s  will be e l l ipses  as they r ecede  f r o m  the f ree  su r face ,  
where  the t r a j e c t o r y  shape will  be the s a m e  as in an ideal  fluid for  z >> 

IRe l' I-'. 
3. Low Reynolds  N u m b e r s .  Long waves  (a << 1) a r e  c o n s i d e r e d  in a fluid l a y e r  on a sol id su r f ace  

for  ]l ]a << 1, which is  poss ib le  in the domain  [~2[a 5 << 1. The las t  two equat ions  in (1.10) y ie ld  in this  l imi t  
c a s e  

aaB,  = - -  (1 + 1/x~a4 ) A 1 - -  (t + l/~ota* + 1/lal2aa) lB1 

A~_ + B~ = - -  1/~ (A t + IBO a + 1/ts (A1 + lSB1) a 3 

El imina t ing  A 2 and B 2 f r o m  the f i r s t  two equat ions  in (1.10) by us ing  these  f o r m u l a s ,  the fol lowing 
equat ion:  

a (a + 1/aQaa) + (a + 1/nQa3 ) a8 = 0 (3.1) 

can  be obtained in the l imi t  a << 1, [l ]a << 1. 

I t  fol lows f r o m  (3.1) that  t he re  a re  no osc i l l a t ing  m o t i o n s .  Let  ~ > O; then the roo t s  of (3.1) are  non-  
pos i t ive .  

The roo t  a l ,  which equals  - ~ 2 a  3 for  6 = 0 (pure su r face ) ,  d imin i shes  mono ton ica l ly  and a l ~  -~o as 
6 ~ oo ; i .e . ,  the r e l axa t ion  t ime tends to z e r o .  F o r  suf f ic ient ly  l a rge  6, the wave mot ion  e m e r g e s  f r o m  the 
domain  of  low Reynolds  n u m b e r s  under  cons ide ra t ion .  

The solut ion a 2, equal  to  z e r o  for  6 = 0, d e c r e a s e s  mono ton i ca l l y ,%  ~ --~12~tt 3 as  6 ~ : 0  . The l a rge  
va lues  of the r e l axa t ion  t ime  fo r  wave mot ion  c o r r e s p o n d i n g  to ~2 a re  expla ined for  sma l l  6 by the m a g n i -  
tude of the c h a r a c t e r i s t i c  fo rce  exci t ing  this  flow. 

Let  van  dc r  Waals  f o r c e s  p lay  a dec i s ive  ro le  in the f i lm;  then ~2 < 0 acco rd ing  to (1.2) and (1.9). One 
roo t  of (3.1) is hence  pos i t ive .  The solut ion ~ l~cor respond ing  to  a wave of growing ampli tude,  v a r i e s  
mono ton ica l ly  between -~3~2a 3 and -~2~2a3. The pas sage  to the l imi t  c a s e  of an i n c o m p r e s s i b l e  su r f ac t an t  
l a y e r  o c c u r s  g radua l ly ,  where  the l a y e r  is i n c o m p r e s s i b l e  if  6 >> ~3] ~2[ a2. F o r  long waves  this  l a t t e r  cond i -  
t ion can  be c o n s i d e r a b l y  weake r  than the condi t ion 6 > ,/'2(~2a)3/4, which is va l id  in the low v i s c o s i t y  domain .  
T h e r e f o r e ,  su r f ac t an t s  act  e spec i a l l y  e f fec t ive ly  on long waves  in thin l a y e r s .  

4.  F luid  F i l m  in a Gas .  A liquid l a y e r  in a gas  is examined ,  where  the f ree  s u r f a c e s  a re  c o v e r e d  by 
ident ica l  su r f ac t an t  l a y e r s .  Let  the o r ig in  be in the plane of s y m m e t r y  of the f i lm,  and let  the z axis be 
p e r p e n d i c u l a r  t h e r e t o .  A s y m m e t r i c  solut ion (the p r e s s u r e  is an even function of z) of the N a v i e r - S t o k e s  
equat ions  (1.1) can be e x t r a c t e d  f r o m  (1.7) 

vx + = i (kA 1 ch kz + l 'B  1 eh l' z) e i~x+~'t 

vz + = k ( Al  sh kz + Blsh l' z) e~+~'! (4.1) 

P = Po - -  2Q~ ( - - h / 2 )  - -  p:r A1 ch kz e i~+~'t 

H e r e  (1.2) has  been  applied in ca lcu la t ing  p and it has  been taken  into account  tha t  h - h 0 = ~ (~h) - 
(-~2h). By v i r tue  of the s y m m e t r y  it is suff ic ient  to sa t i s fy  the boundary  condi t ions  f o r  z = - ~ h .  Equa-  

t ions  fo r  the coef f ic ien ts  in (4 .1)canbe  obtained f r o m  (1.3)-(1.5) and the f i r s t  equat ion of  (1.6) wr i t t en  for  
z =--l~h. F o r  s impl i f i ca t ion ,  the fol lowing notat ion is in t roduced:  
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a = I/~kh, A+ = A1 eh a, B+ = B1 ch (1/~l'h) 

Also ,us ing  all the notat ion (1.9) in addition to this l a t t e r ,  it is poss ib le  to find, f inally,  

(2 ~ zr A+ ~ 2lB+ = --  (A+ th a -~ B+ th l a ) ~  / r 

2A+ th a -~ (2 -~ a) B+ th la = --  (A+ A- lB,)  8 / a  

(Q = (z -- 2Qk-~)/p'v~k, l = ]~'a---J- 1) 

H e n c e ,  t he  e q u a t i o n  fo r  c~ fo l l ows :  

( f l t h a  q-(2 q-a)  2) t h l a - 4 / t h a q - 6 ( l - f ~ ( t h l a - / t h a ) ~ - ~ )  = 0  

A n t i s y m m e t r i c  waves  d e t e r m i n e d  f r o m  (1.1) by analogy with (1.7) in the f o r m  

vx- = i (kA~ sh kz q- l'B~ sh l' z) e i~x+~''t 

V z- = k (A~ ch kz -~ B~ ch l'z) e ~x+~'t 

P = Po - -  pa'A~ sh kz e ~:+~''t 

(4.2) 

(4.3) 

(4.4) 

(4.5) 

e n t e r  in addit ion to the s y m m e t r i c  waves  in a comple te  s y s t e m  of waves .  

I t  is  impor t an t  that  the f o r c e s  taken into account  in (1.2) should not e n t e r  h e r e  s ince  v z ~(~2 h) = 
(--t~h) because  of evennes s .  Van de r  Waals  f o r ce s  do not affect  the a n t i s y m m e t r i c  waves .  Using the no t a -  

t ion 

a ----- '/2kh, A~ sh (I/2kh) = A_, B~ sh (1/zl'h),= B (4.6) 

the following equat ions  can  be obtained f r o m  (1.3)-(1.5) and the f i r s t  equat ion in (1.6) fo r  z = --l/2h: 

(2 -~ o:) A_ ~ 21B = --(A_ cth a ~- B cth la) ~'/(z 

2A_ cth a ~- (2 -~ a) B_ cth la = --(A_ + l B )  6]a (4.7) 

(~ '=z/pCk,  t = V ~ + t )  

I t  should  be noted that  the f o r m  of wr i t ing  the boundary  condi t ions  at z = ~h  d i f fe r s  in s ign f r o m  (1.3) 
and (1.5). I t  can  be shown that  be c a use  of the s y m m e t r y  of the p rob l em these  condi t ions  will  be sa t i s f ied  
au toma t i ca l ly  for  s y m m e t r i c  and a n t i s y m m e t r i c  waves  if the c o r r e s p o n d i n g  condi t ions  a re  sa t i s f ied  for  z = 
- ~ h .  The equat ion fo r  a in the case  of  a n t i s y m m e t r i c  waves  should follow f r o m  (4.7): 

[ f l ' c t h a - ~ ( 2  - ~ ) ~ ] c t h l a - - 4 l c t h a  + 6 [ l - - ~ ' ( c t h l a - - l e t h a ) ~  -2] = 0 / (4.8) 

The equat ions  for  the d i f ferent  kinds of waves  (4.4) and (4.8) d i f fer  by  the r e p l a c e m e n t  t h a  ~ c t h a ,  
t h / a - - * c t h  la,  ~ ~ ' .  

The complex  conjugate  c o r r e s p o n d s  to each  root  of these  equat ions .  On going to a l a y e r  of l a r g e  t h i c k -  
n e s s  (a - -  ~o) the d i f fe rence  be tween (4.4) and (4.8) van i shes ,  where  both these  equat ions  a lso  ag ree  with 
(2.3) in the l imi t .  Equat ions (4.4) and (4.8) admi t  of  analyt ica l  inves t iga t ion  in the l imi t  c a s e s  Ionia 2 >> 1 and 
l a l a2  << 1. 

5. Low Vi scos i t y .  F o r  [ 1 ]a >> 1, [l [ >> 1, equat ions  (4.4) and (4.8) can be so lved  by  i t e ra t ion .  Exac t -  
ly as  for  a f i lm on a sol id  s u r f a c e ,  waves  a re  poss ib le  he re  which a re  l oca l i zed  n e a r  the f r ee  s u r f a c e  in a 
thin l a y e r  Az ~ I l 't -1, as  a r e  waves  a s soc i a t ed  with mot ion  in a vo lume .  Below, the "volume"  waves  a re  
examined .  The fol lowing a sympto t i c  e x p r e s s i o n s  fo r  the f r equency  Im a l ,  the f r equency  shif t ,  and the d a m p -  
ing a re  obtained f r o m  (4.4), ana logous ly  to (2.5), in the c a s e  of s y m m e t r i c  waves :  

a l = i  ~Z~qq (a=a~-a~) ,  ~ = Ima2=y~'/'/(i-~ y ') qY')fi  (5.1) 
= a e  a ~  = - 2 - nv,/(i + y~) q*/, Y~, y = Y~ (oq)v's:~- i 

Here  q = t a n h a ,  a = ~kh .  It  follows f r o m  (5.1) that  t he re  is a m a x i m u m  damping for  5 = ~f2(~2q)3/4. 
Wave damping  in the c a s e  of  an i n c o m p r e s s i b l e  l a y e r  c o r r e s p o n d s  to the m i n i m u m .  As the p a r a m e t e r  a 
d imin i shes ,  s y m m e t r i c  wave damping  i n c r e a s e s ,  and the damping m a x i m u m s  a re  o b s e r v e d  fo r  all l e s s e r  
va lues  of the coef f ic ien t  of e l a s t i c i t y  (5 ~ aa/4). In c o n t r a s t  to  a f i lm on a sol id  subs t r a t e ,  where  the d imin u -  
t ion in th i ckness  r e su l t s  in a reduc t ion  in the re la t ive  ampli tude ( ~ / ~ )  of the damping  m a x i m u m ,  the 
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r e l a t i v e  a m p l i t u d e  of the  m a x i m u m  i s  not  l o w e r e d  h e r e .  As  the  f i lm  t h i c k n e s s  d i m i n i s h e s ,  the  a p p r o x i m a -  
t i on  l a l a  2 >> 1 b e c o m e s  i n v a l i d  s u f f i c i e n t l y  r a p i d l y .  F o r m u l a s  (5.1) r e m a i n  v a l i d  fo r  ~2 >> 1, ~2a 5 >> 1. S o m e -  
wha t  d i f f e r e n t  r e s u l t s  a r e  ob t a ined  in  the  c a s e  of  a n t i s y m m e t r i c  w a v e s .  E x p r e s s i o n s  fo r  the  f r e quency ,  the 
f r e q u e n c y  sh i f t ,  and d a m p i n g  which  a g r e e  wi th  (5.1) c a n  be  d e r i v e d  fo r  t h e s e  w a v e s  f r o m  (4.8) i f  we put  

t h e r e i n  

q ~ cth a, ~ = a / pv2k (a = kh  / 2) 

I t  i s  s e e n  f r o m  (5.1) tha t  the  damp ing  of  an a n t i s y m m e t r i c  wave  d e c r e a s e s  as  the f i l m  t h i c k n e s s  h 
d i m i n i s h e s ,  but  the  o s c i l l a t i o n  f r e q u e n c y  g r o w s .  A da mp ing  m a x i m u m  i s  o b s e r v e d  for  al l  l a r g e  v a l u e s  of 
the  e l a s t i c i t y  of the  s u r f a c t a n t  l a y e r ,  w h e r e  i t s  a m p l i t u d e  d e c r e a s e s  as  h3/4. F o r  s m a l l  a a n t i s y m m e t r i c  
w a v e s  a r e  the  bend ing  o s c i l l a t i o n s  of  a th in  l a y e r  of v i s c o u s  f lu id  e n c l o s e d  be tw e e n  two s t r e t c h e d  e l a s t i c  
m e m b r a n e s .  In  l:he c a s e  of a n t i s y m m e t r i c  w a v e s ,  the a p p r o x i m a t i o n  l a l  a 2 >> 1 i s  a p p l i c a b l e  in a l a r g e r  
r a n g e  of v a l u e s  of a than  in  the  c a s e  of s y m m e t r i c  w a v e s .  F o r m u l a s  (5.1) a r e  v a l i d  in the  c a s e  of a n t i s y m -  
m e t r i c  w a v e s  (q = c o t h a )  fo r  [ t ' a  3 >>1, ~2' << 1. 

6. A n t i s y m m e t r i c  W a v e s  f o r  l a l a  2 << 1. I f  ~2'a ~ <<1, t hen  i t  can  be  c o n s i d e r e d  tha t  ]l la << 1 in  (4.8), 
and by u s i n g  the e x p a n s i o n  of c o t h x  at z e r o ,  the  fo l lowing  equa t ion ,  which  i s  v a l i d  in  the  d o m a i n  ]a [>>1, 
Ionia 2 << 1, can  be  ob t a ined :  

r (~'/a § a ~) § ~ (as (1 § a) § g') = 0 (6.1) 

If  the  e l a s t i c i t y  6 i s  l a r g e ,  then  p u r e l y  d a m p e d  m o t i o n s  a r e  p o s s i b l e .  F o r  6 >> (~2'/a3)1/2 one of the  
r o o t s  of  (6.1) wi l l  be a ~ - a 6 .  In the  c a s e  of a p u r e  s u r f a c e  t h e r e  fo l lows  f r o m  (6.1) 

a l  = ~ V P.-Z-d (~' = i V2-~V/0h)  

The d a m p i n g  of o s c i l l a t i o n s  c o r r e s p o n d i n g  to th i s  r o o t  i s  z e r o  in  a f i r s t  a p p r o x i m a t i o n .  F o r  an i n -  
c o m p r e s s i b l e  l a y e r  (6 ~ ~o) the  f r e q u e n c y  d i f f e r s  s l i g h t l y  f r o m  I m  ~1, and the  d i m e n s i o n l e s s  d a m p i n g  d e c -  
r e m e n t  e q u a l s  ~2. As  i s  s e e n  f r o m  (6.1), the  p a s s a g e  to  an i n c o m p r e s s i b l e  l a y e r  o c c u r s  fo r  6 ~ ( ~ ' / a 3 )  1/2 .  

T h e r e f o r e ,  as  the  f i l m  t h i c k n e s s  d i m i n i s h e s ,  the in f luence  of  s u r f a c t a n t s  on a n t i s y m m e t r i c  w a v e s  d e -  
c r e a s e s .  F o r  s m a l l  a an e l a s t i c i t y  6 c o n s i d e r a b l y  e x c e e d i n g  the  e l a s t i c i t y  ~ ~ ~2a 2, s ay ,  which  is  needed  to 
s t a b i l i z e  the  f r e e  s u r f a c e  of a f i lm  on a s o l i d  s u b s t r a t e ,  i s  r e q u i r e d  f o r  c o m p l e t e  s t a b i l i z a t i o n  of the  s u r f a c e  
r e l a t i v e  to  a wave of the  g iven  l eng th .  

N e v e r t h e l e s s ,  i t  i s  i m p o s s i b l e  to c o n s i d e r  the in f luence  of s u r f a c t a n t s  on da mp ing  of w a v e s  of the  type  
u n d e r  c o n s i d e r a t i o n  as  w e a k .  The  f ac t  i s  tha t  t a k i n g  accoun t  of  the  s e c o n d  a p p r o x i m a t i o n  in (4.8) y i e l d s  
Re ~ =-2/3a2 in the  c a s e  of a pu re  s u r f a c e .  Hence ,  for  long w a v e s  (a << 1) d a m p i n g  b e c a u s e  of s u r f a c t a n t s  
c a n  g r o w  about  a - 2 - f o l d .  U n d e r  r e a l  c o n d i t i o n s ,  the  quant i ty  a can  be on the o r d e r  of 10 -3 and l e s s ,  which  
would  r e s u l t  in p r a c t i c a l l y  u n d a m p e d  w a v e s  in the  c a s e  of a p u r e  s u r f a c e .  

The  p r e s e n c e  of a g a s  m e d i u m  s u r r o u n d i n g  the  f i lm  can  be a f a c t o r ,  in add i t ion  to  the  s u r f a c t a n t s ,  
which  wi l l  c o n s i d e r a b l y  i n c r e a s e  the  d a m p i n g  of the  w a v e s  u n d e r  c o n s i d e r a t i o n .  Tak ing  account  of the  gas  
m o t i o n  d u r i n g  o s c i l l a t i o n s  of the  f i lm  r e s u l t s  in the  fo l lowing .  The m a g n i t u d e  of the d a m p i n g  in  the  c a s e  of 
a p u r e  s u r f a c e  i s  i ndependen t  of the  m o t i o n  in the  gas  fo r  a 3 ( a / ~ 2 ' ) ~ / 4  >> # ' / #  (#'  i s  the d y n a m i c  gas  v i s -  
c o s i t y ) .  The  g a s  m o t i o n  can  be  n e g l e c t e d  in the  c a l c u l a t i o n  of o s c i l l a t i o n  f r e q u e n c y  on ly  for  a >> p ' / p  ( p '  
i s  the  gas  d e n s i t y ) .  I f /z  ~ 10 -2 g / c m  �9 s e c  and the f i lm  i s  in  a i r ,  t hen  fo r  a ~ 10 -3 the  f r e q u e n c y  of waves  
of t h i s  t ype  w i l l  depend  p r i m a r i l y  on the  i n e r t i a l  p r o p e r t i e s  of the  ga s ,  and as  the f i l m  t h i c k n e s s  d i m i n i s h e s  
f u r t h e r  the  g r o w t h  in  o s c i l l a t i o n  f r e q u e n c y  wi l l  c e a s e .  

7 ,  S y m m e t r i c  W a v e s  fo r  la  ]a 2 << 1. N e g l e c t i n g  s m a l l  quan t i t i e s ,  (4.4) in the  l i m i t  I l la  << 1 can  be  
r e w r i t t e n  as  fo l l ows :  

act (Q a + 4~ -k zr -k (a q- 1/a ~ a a) 6 = 0 (7.1) 
(f~ = ((: - -  2Qk-~) ! pv~k) 

I f  c a p i l l a r y  f o r c e s  p l ay  the  m a i n  r o l e  in  the  f i lm ,  then  ~ > 0. I t  i s  s e e n  f r o m  (7.1) tha t  i f  ~ a  >> 1, then  
the  wave m o t i o n  i s  o s c i l l a t o r y  for  6 = 0, and t h e r e  is  a l so  a p e r i o d i c  m o t i o n  wi th  the d a m p i n g  d e c r e m e n t  
~ 3  fo r  6 ~ oo. F o r  ~ a  5 << 1, the  fo l lowing  a p p r o x i m a t e  f o r m u l a s  can  be found f o r  the  r o o t s  of (7.1): 

, a 5  
al,8 ------- 2 2 ~ 4  - -  a- '6  - -  ~ a ,  s o . = - -  3 (1 + 81Qa2) (7.2) 
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I f  ~a  >> 1, then for  5 << ~2a 2 t he re  a re  waves  caused  by c a p i l l a r y  f o r c e s .  Two t r ave l ing  waves ,  d i f f e r -  
ing in the p ropaga t ion  d i rec t ion ,  c o r r e s p o n d  to the roo t s  a~ and a 3. F o r  8 >> ~2 a 2 the su r f ace  tens ion  of the 
l iquid does not inf luence the waves  c o r r e s p o n d i n g  to a~ and a3. E la s t i c i ty  of the su r f ac t an t  s u r f a c e  l a y e r  is 
exc lus ive ly  the r e a s o n  fo r  the appearance  of these  waves .  The ve loc i ty  v x hence  v a r i e s  ins igni f icant ly  
along the f i lm c r o s s  sec t ion ,  as is  seen  f r o m  (4.1). The fact  that  s o m e  m a s s  of fluid in each  f i lm sec t ion  
s e e m s  to be "glued" to two e las t i c  " m e m b r a n e s "  because  of v i s cos i t y  is the phys ica l  r e a s o n  for  the o r ig in  
of  such  waves .  The  d i m e n s i o n l e s s  f r equency  equals  ~v'-5-/h-, and the damping  d e c r e m e n t  of about 2 is  
r e l a t i ve ly  sma l l .  Waves  of this  kind a r e  d e s c r i b e d  c o r r e c t l y  by (7.1) while 8 a ~ << 1. 

Waves  c a u s e d  by the e l a s t i c i ty  of the su r f ace  l a y e r  have been examined  in [9, 10], where  (7.1) and the 
f i r s t  f o r m u l a  in (7.2), in pa r t i c u l a r ,  have been  obta ined in a somewha t  d i f fe ren t  f o r m . *  

The second  fo rm u l a  in (7.2) is  val id for  any ~. Rela t ive  to the aper iod ic  mot ion  c o r r e s p o n d i n g  to a2, 
the su r f ac t an t  l a y e r  behaves  as  t h o u g h  i n c o m p r e s s i b l e  fo r  8 >> ~2 a2; the c h a r a c t e r i s t i c  r e l axa t ion  t ime 
hence  i n c r e a s e s  app rox ima te ly  a -2-fold  under  the influence of su r f ac t an t s .  

The quanti ty ~2 in (7.1) can be negat ive  because  of van de r  Waals  f o r c e s .  This  is  poss ib le  fo r  long 
waves  in thin f i lms  s ince  the H a m m a c h e r  cons tan t  A in (1.2) is on the o r d e r  of 10 -12 e r g  (see [7], f o r  
example) .  In the c a s e  ~2 < 0, it is  convenient  to r ewr i t e  (7.1) in a new notat ion 

8 ,= - -g~a  ~, ~ = 6 , ( 1  § ( z = z ~ ,  

~ , z  8 + 4z  ~ § sz  - -  V ,  (1 + as) = 0 

(7.3) 

Let  8 .  << 1. 
a sympto t i c  f o r m u l a s  can be found fo r  the roo t s :  

Z l = ( ~ i - - 1 / 4 6 , s - - l ) 2 / 6 , .  z~=l /a(a- -~s  -1) for s ~ i  

Zf =--1/8 (8 -~ ~8-2--~16/3 ) Z2 = 1/8 (--8 -~ V 8"~ -9[- 16/3) for I s [ ~  M (7.4) 

zl :X/3(a ~-s-1), z 2 : ( ] / t - - 1 / 4 8 , s - - l ) 2 / 8 ,  for s ~ - - t  

z 3 = - -  ( ~ l  - -  1/48,s -~ i) 2 / 8 ,  ( i = m i n (  a-l, 8,-1)) 

F o r  8 ,  ~ 1 f o r m u l a s  (7.4) will  be sui table  in the domain  1st >> 8~3. Values  of a c o r r e s p o n d i n g  to zj 
can be denoted by a j  (j = 1, 2, 3). As  is  seen  f r o m  (7.4), the roo t  ~2 c o r r e s p o n d s  to a wave of  g rowing  
ampl i tude .  The roo t s  ~1 and ~3 c o r r e s p o n d  e i the r  to aper iod ic  mot ions  (for 8 - 5 ,  < 4a ) ,  o r  to  t r ave l ing  
waves  with f r equency  ~f(5 - 8 ,  ) / 4 a  - 1 and damping d e c r e m e n t  two (d imens ion less  notat ion) .  

I t  follows f r o m  (7.3) and (7.4) that  as 8 p a s s e s  th rough  the c i r c l e  8 ,  a sha rp  change in c~ 1 and ~2 o c c u r s .  

The inequal i ty  [~ [a >>1 is the condi t ion for  a s l ight  change in 6 , .  F o r  ]f~ [a ~ 1 the quanti ty a v a r i e s  
subs tan t i a l ly  ove r  the whole domain  0 < 5 < 6 , .  I f  I~[a  >> 1, then 5,>> a .  Hence,  as  8 i n c r e a s e s  in the 
ne ighborhood  of  8 ,  , the quanti ty ~2 d imin i shes  app rox ima te ly  ( a S , ) - l - f o l d ,  and ]cQ] i n c r e a s e s  the s a m e  
n u m b e r  of t i m e s .  

In f i lms  ex is t ing  in a foam,  (a6 , )  -1 can  be a quanti ty on the o r d e r  of tens  of thousands  and g r e a t e r .  
Hence,  al though the behav io r  of  (~2 is d e s c r i b e d  by smoo th  funct ions acco rd ing  to (7.4), it can  be c o n s i d e r e d  
in p r a c t i c e  that  the f i lm is not s t ab i l i zed  fo r  8 < 5 , ,  and is s tab i l i zed  for  8 > 8 , .  This  deduct ion is in 
a g r e e m e n t  with the r e s u l t s  of the au thors  of [9, 10], obta ined by n u m e r i c a l  computa t ions  on an e l ec t ron i c  
c o m p u t e r .  

I f  the cap i l l a ry  f o r c e s  in a wave of g rowing  ampli tude a re  sma l l  as c o m p a r e d  with the van d e r  Waals  
f o r c e s  k2~ < < A / u h  4, then [e[ > ~ A / ~ h  2 will  be the condit ion fo r  a sma l l  d i f fe rence  in the su r f ac t an t  f r o m  
an i n c o m p r e s s i b l e  l a y e r  on the bas i s  of  (1.2), (4.3), (7.3), and (7.4). F o r  l e s s e r  e l a s t i c i t i e s  [e [, the f i lm 
should  rup tu re  p r a c t i c a l l y  ins tan taneous ly .  It  can  a l so  be deduced f r o m  (7.3) and (7.4) that  one of the d i f -  
f e r e n c e s  of a s t ab i l i zed  f r o m  an uns tab i l i zed  f i lm is man i f e s t ed  in the or ig in ,  because  of e l a s t i c i t y  of the 
su r f ac t an t  l a y e r ,  of t r ave l i ng  waves  whose f r equency  g rows  as the e l a s t i c i ty  i n c r e a s e s ,  while the damping  
d e c r e m e n t  r e m a i n s  cons tan t .  

Then  applying the me thod  of a sympto t i c  c o a l e s c e n c e  to the so lu t ion  of  (7.3), the following 

*The  author  l ea rned  of the ex i s t ence  of  [9, 10] a f te r  the pape r  had been  sent  to  p r e s s .  
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